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DECAY AND STRICHARTZ ESTIMATES FOR
DISPERSIVE EQUATIONS IN AN AHARONOV-BOHM FIELD
JUNYONG ZHANG AND JIQIANG ZHENG
Abstract. We prove decay and Strichartz estimates for the dispersive equations
with an Aharonov-Bohm potential which is a singular and scaling-critical potential.
The decay estimates generalize the results of [10] and the Strichartz estimates extend
the weighted Strichartz estimates for Dirac proved in [7] so that we answer the open
problem raised in [7, 8]. In addition, the argument provides a new simple proof of
L
1
→ L
∞-decay estimate of Schro¨dinger equation shown in [17]. The key point of
the argument is to develop the distorted Fourier theory based on an observation of
the eigenfunction of the Schro¨dinger operator with Aharonov-Bohm potential.
Key Words: Decay estimates, Strichartz estimates, Aharonov-Bohm
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1. Introduction and main results
In this paper, we study the long time decay behavior of the dispersive equations with
an Aharonov-Bohm potential which is a singular homogeneous, scaling-critical magnetic
potential. More precisely, in the spirit of [7, 10, 16, 17], we will prove the decay and
Strichartz estimates for Schro¨dinger, wave and Dirac equations in the Aharonov-Bohm
magnetic field.
1.1. Introduction. Dispersive behaviors, in particular the decay and Strichartz esti-
mates, of evolution equations play an important role in the study of nonlinear dispersive
problems, and this is why they have attracted a great deal of attention in recent years,
see [18, 23, 29, 30] and reference therein. The dispersive decay properties of evolution
equations are generalized to the variable coefficient case (e.g. the evolution equations
on manifolds), however the dispersive property becomes more complicated and is very
far from complete even though in the simple perturbation of potentials. There is too
much work to cite all here, we refer to [11, 19–22, 26] and the surveys [9, 27] for the
results under various assumptions on the potentials.
In the present paper, we are interested in the evolution equations with the perturba-
tion of scaling critical electromagnetic potentials. Let A(x) be a real vector potential,
we consider the pure magnetic Schro¨dinger operator
LA := (i∇+A(x))2 (1.1)
as the Friedrichs extension of the quadratic form Q, defined on C∞c (Rn \ {0}) via
Q(f) =
(∫
Rn
|(i∇ +A(x)) f(x)|2 dx
)1/2
.
1
2 JUNYONG ZHANG AND JIQIANG ZHENG
In [16, 17], Fanelli, Felli, Fontelos, and Primo have studied the dispersive property
of Schro¨dinger equations with more general singular homogeneous electromagnetic po-
tentials
iut − (LA + r−2V0(θ))u = 0, (t, x) ∈ R× Rn, r = |x|, θ = x|x| (1.2)
with V0 ∈ L∞(Sn−1) and |x|A(x) ∈ C1(Sn−1,Rn) satisfies the transversality condition
A(θ) · θ = 0, ∀ θ ∈ Sn−1. (1.3)
In particular, when V0 = 0 and the magnetic potential A(x) in R
2 is given by
A(x) = (A1(x), A2(x)) = α
(
− x2|x|2 ,
x1
|x|2
)
, α ∈ R, (1.4)
Fanelli ect. [17] proved the dispersive estimate
‖eitLA‖L1(R2)→L∞(R2) . |t|−1
which was used to study the scattering theory for nonlinear Schro¨dinger equation in [31].
It is worth mentioning that the vector potential A(x) given by (1.4) is associated to the
AharonovBohm magnetic field (2-dimensional purely magnetic field), which is given
by potentials associated to thin solenoids. More precisely, if the radius of the solenoid
tends to zero while the flux through it remains constant, then the particle is subject to a
δ-type magnetic field. From the physical interesting points, the Aharonov-Bohm effect
was initially predicted when electrons propagate in a domain with a zero magnetic field
but with a nonzero vector potential A, see [1]. The potential magnetic field is totally
confined within a cylindrical tube of infinitesimal radius, we refer to [25] and references.
In this paper, we focus on the dispersive behavior of wave with the Aharonov-Bohm
effect. More precisely, we consider{
∂ttu+ LAu = 0, (t, x) ∈ R× R2,
u(0, x) = f(x), ∂tu(0, x) = g(x).
(1.5)
where the operator LA is defined by
LAf = (i∇+A(x))2 f = −∆f + 2iA(x) · ∇f + |A(x)|2f, (1.6)
where A(x) is the AharonovBohm magnetic potential as in (1.4). Note that the wave
equation is perturbated with the first order operator 2iA(x) · ∇ and the potential
|A(x)|2. From the physical point of view, this perturbation corresponds to a magnetic
potential. Regarding to mathematics interest, the solution of equation (1.5) preserves
the scaling u 7→ uλ(t, x) = u(t/λ, x/λ), and for this reason we say A(x) is a scaling
critical potential.
There are a number of work devoted to decay estimates problem for wave with
electromagnetic potentials, we refer to [9,10] and the reference therein. However, to our
best knowledge, there is little about the scaling critical perturbation on wave equation.
In this framework, the Strichartz estimates and local smoothing for the Schro¨dinger
and wave equations with inverse square potential (which is zero order perturbation) are
proved in [3,4]. As mentioned above, in [16,17], the L1 → L∞ time decay is proved for
a wide class of Schro¨dinger flows with critical electromagnetic potentials which includes
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the AharonovBohm potential considered here. But the method of [16,17] breaks down
for wave equation due to the lack of pseudo conformal transformation which can be
used to rewrite the Schro¨dinger equation in terms of a quantum harmonic oscillator
with the singular electromagnetic potential. On the other hand, the Dirac equation is
closely linked with the wave equation, and the picture of Dirac is far to complete even
though some weak dispersion results are obtained in [2, 5–7] and Strichartz estimates
are showed in [12, 13] with strong decay assumptions on potentials. Our result will
be used to conclude the decay estimates of Dirac with scaling critical AharonovBohm
potential.
Let A(x) be the AharonovBohm magnetic potential as in (1.4), the Dirac operator
in the Aharonov-Bohm magnetic field is given by
DmA = σ3m+ σ1(i∂1 +A1) + σ2(i∂2 +A2) (1.7)
where m ≥ 0 and σj(j = 1, 2, 3) are the standard Pauli matrices
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
, (1.8)
which satisfy the following relations of anti-commutations
σjσk + σkσj = 2δjk
(
1 0
0 1
)
, σjk =
{
1 if j = k
0 if j 6= k. (1.9)
For the Dirac flow, we will focus on the massless case, i.e. m = 0, and we will write
the Dirac operator DA = D0A. Consider the Cauchy problem for Dirac equation{
i∂tu = DAu, u(t, x) : Rt × R2x → C2
u(0, x) = f(x).
(1.10)
We emphasize that the AharonovBohm potential A(x) is critical if we rescale the mass-
less Dirac operator. As pointed out in [7], the study of dispersive estimates for flows
with the perturbation of scaling-critical potentials represents a particularly interest-
ing and challenging problem. This is the same model considered in [7]. To study the
dynamics of equation (1.10), we should be careful about the self-adjointness of the op-
erator DA even though one can choose some different self-adjoint extensions depending
on the boundary conditions at infinity. For more details, we refer to [8, 15,19].
From (1.7), we can explicitly write the massless Dirac operator as
DA =
(
0 (i∂1 +A1)− i(i∂2 +A2)
(i∂1 +A1) + i(i∂2 +A2) 0
)
. (1.11)
We will address dispersive problem of (1.10) from the wave equation (1.5) by squaring
Dirac operator DA. By squaring the Dirac operator, we have(DA)2 = ( 0 (i∂1 +A1)− i(i∂2 +A2)(i∂1 +A1) + i(i∂2 +A2) 0
)2
=
(
(i∂1 +A1)
2 + (i∂2 +A2)
2 0
0 (i∂1 +A1)
2 + (i∂2 +A2)
2
)
= LA
(
1 0
0 1
)
,
(1.12)
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where we have used the facts that ∂1(A2) = ∂2(A1), divA = 0 and
(i∂1+A1)
2+(i∂2+A2)
2 = −∆+ idivA+2iA ·∇+ |A|2 = −∆+2iA ·∇+ |A|2. (1.13)
Therefore, by using the squaring trick and (1.6), we apply i∂t+DA into the Dirac flow
(1.10) to obtain
(i∂t +DA)(i∂t −DA)u = (∂2t + LA)
(
1 0
0 1
)
u = 0. (1.14)
Therefore every component of the solution of (1.10) satisfies the wave equation{
∂ttu+ LAu = 0, (t, x) ∈ R× R2,
u(0, x) = f(x), ∂tu(0, x) = g(x).
(1.15)
As a consequence, the free Dirac flow is given by
eitDAf = cos(t
√
LA)f − isin(t
√LA)√LA
DAf . (1.16)
1.2. The main results. Now we state our first results about the dispersive estimates.
Theorem 1.1. Let LA be the Schro¨dinger operator as in (1.6) and the Aharonov-Bohm
potential A(x) be given by (1.4). Then, for the Besov norm B˙3/21,1 (R2) as in (2.14) below,
there exists a constant C such that:
• For Schro¨dinger flow,
‖eitLAf‖L∞(R2) ≤ C|t|−1‖f‖L1(R2); (1.17)
• For wave flow,
‖eit
√LAf‖L∞(R2) ≤ C|t|−1/2‖f‖B˙3/2
1,1 (R
2)
; (1.18)
• For Dirac flow,
‖eitDAf‖L∞(R2) ≤ C|t|−1/2‖f‖B˙3/2
1,1 (R
2)
. (1.19)
Remark 1.1. The decay estimates (1.18) and (1.19) for wave and Dirac are new. The
estimate for Schro¨dinger (1.17) is not new, which has been proven in [17, Theorem
1.9]. But we provide a new and simple proof.
Remark 1.2. The method of [17], in which the Schro¨dinger equation is rewritten in
terms of a quantum harmonic oscillator with the singular electromagnetic potential,
does not work for wave equation due to the lack of pseudo conformal transformation.
The second main results are about the Strichartz estimates. Before stating the
results, we introduce some notation. We say the pair (q, r) is a Schro¨dinger admissible
pair, if
(q, r) ∈ ΛS0 :=
{
2 ≤ q, r ≤ ∞, 1q + 1r = 12 , (q, r) 6= (2,∞)
}
. (1.20)
We say the pair (q, r) is a wave admissible pair, if
(q, r) ∈ ΛWs :=
{
2 ≤ q, r ≤ ∞, 2q + 1r ≤ 12 , s = 2
(
1
2 − 1r
)− 1q}, s ∈ R. (1.21)
We state the second results on the Strichartz estimates.
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Theorem 1.2. Let LA be the Schro¨dinger operator as in (1.6) and the Aharonov-Bohm
potential A(x) be given by (1.4). Then, for the Sobolev norm H˙s(R2) defined in (2.15)
below, there exists a constant C such that:
• Let (q, r) ∈ ΛS0 , the following Strichartz estimates hold for Schro¨dinger flow
‖eitLAf‖Lqt (R;Lr(R2)) ≤ C‖f‖L2(R2). (1.22)
• Let s ∈ R and (q, r) ∈ ΛWs , the Strichartz estimates hold for wave flow
‖eit
√LAf‖Lqt (R;Lr(R2)) ≤ C‖f‖H˙s(R2). (1.23)
• Let s ∈ R and (q, r) ∈ ΛWs , the Strichartz inequalitis hold for Dirac flow
‖eitDAf‖Lqt (R;Lr(R2)) ≤ C‖f‖H˙s(R2). (1.24)
Remark 1.3. To prove the Strichartz estimates, the standard perturbation argument
(e.g. see [3, 4, 22, 26]) with local-smoothing estimates does not work in this setting.
Indeed (at least for the Dirac equation, and similarly for the wave), due to the long
range perturbation of iαr−2∂θ, one would need to prove a local smoothing in the form
‖|x|−1/2u‖L2t,x ≤ ‖u0‖L2
which apparently fails, while one can only reach the weight |x|−1/2−ε, see [7, 8].
Acknowledgments: The authors would like to thank Federico Cacciafesta for his
helpful discussions. J. Zhang was supported by National Natural Science Foundation of
China (11771041,11671033) and H2020-MSCA-IF-2017(790623). J. Zheng was partially
supported by the NSFC under grants 11831004 and 11901041.
2. The proof of dispersive estimates
In this section, we prove the dispersive estimates. The key point is an observation
of the explicit eigenfunction of LA. By (1.6), we have
LA = −∆+ 2iA(x) · ∇+ |A(x)|2.
Moreover, under the polar coordinate, this operator can be rewritten as
LA = −∂2r −
1
r
∂r +
α2 − ∂2θ + 2iα∂θ
r2
. (2.1)
To see this, let r = |x|, x1 = r cos θ, x2 = r sin θ, then
∂θf =
∂x1
∂θ
∂1f +
∂x2
∂θ
∂2f = −r sin θ∂1f + r cos θ∂2f = −x2∂1f + x1∂2f.
We apply (1.4) to get
2iA(x) · ∇f = 2i α|x|2
(− x2∂1f + x1∂2f) = 2i α
r2
∂θf, (2.2)
thus we show (2.1). From (2.1), we see that the operator LA is the Laplacian pertur-
bated with two terms. The first inverse-square term α2r−2 is zero oder perturbation
which is a short range potential. In [3, 4], the Strichartz estimates are proved for
Schro¨dinger and wave equations only with the inverse-square potential by showing the
local smoothing estimates. The second term iαr−2∂θ is first order perturbation which
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is in long range case. As mentioned in Remark 1.3, the long range perturbation brings
big troubles to the perturbation argument. Instead of the perturbation argument, we
directly study the eigenfunction of the operator LA and develop a distorted Fourier
transform theory associated with LA.
Proposition 2.1. Let x = (r cos θ, r sin θ) ∈ R2, ξ = (λ cosω, λ sinω) ∈ R2, then
LA(eix·ξeiα(θ−ω)) = λ2eix·ξeiα(θ−ω), (2.3)
which implies that eix·ξeiα(θ−ω) is the distorted plan wave of the operator LA.
Remark 2.1. The above observation on the eigenfunction stems from the Bessel ordi-
nary differential equation and the Jacobi-Anger expansion for plane waves.
Proof. We directly verify (2.3). On one hand, we have
− ∂2r (eirλ cos(θ−ω)eiα(θ−ω)) = λ2 cos2(θ − ω)(eirλ cos(θ−ω)eiα(θ−ω)) (2.4)
and
− 1
r
∂r
(
eirλ cos(θ−ω)eiα(θ−ω)
)
= − iλ cos(θ − ω)
r
(eirλ cos(θ−ω)eiα(θ−ω)). (2.5)
On the other hand, we see
α2 − ∂2θ + 2iα∂θ
r2
(eirλ cos(θ−ω)eiα(θ−ω))
=
α2 − (−irλ cos(θ − ω) + (−irλ sin(θ − ω) + iα)2)
r2
(eirλ cos(θ−ω)eiα(θ−ω))
+
2iα(−irλ sin(θ − ω) + iα)
r2
(eirλ cos(θ−ω)eiα(θ−ω))
=
irλ cos(θ − ω) + r2λ2 sin2(θ − ω)
r2
(eirλ cos(θ−ω)eiα(θ−ω)).
(2.6)
Note that x · ξ = rλ cos(θ − ω), from (2.1), we obtain
LA(eix·ξeiα(θ−ω)) = |ξ|2eix·ξeiα(θ−ω). (2.7)

Using the eigenfunction as in (2.3), we give the definition of the distorted Fourier
transform associated with the operator LA.
Definition 2.1 (Distorted Fourier transform). For the function f, g ∈ L2 ∩ L1, we
define the distorted Fourier transform of f as follows
F(f) = fˆ(ξ) = fˆ(λ cosω, λ sinω) =
∫ ∞
0
∫ 2pi
0
eirλ cos(θ−ω)eiα(θ−ω)f(r, θ)rdrdθ, (2.8)
and the inverse distorted Fourier transform of g is defined by
F−1(g) = gˇ(x) = gˇ(r cos θ, r sin θ) =
∫ ∞
0
∫ 2pi
0
e−irλ cos(θ−ω)e−iα(θ−ω)g(λ, ω)λdλdω.
Lemma 2.1 (The property of the distorted Fourier transform). The distorted Fourier
transform satisfies the following properties:
(1) The definition of inverse Fourier transform is well-defined: F−1F = Id;
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(2) The Plancherel identity holds: 〈f, f〉 = 〈fˆ , fˆ〉.
Proof. The definition is well defined. Let y = (ρ cos φ, ρ sinφ), we have
F−1(fˆ)(x) =
∫ ∞
0
∫ 2pi
0
e−irλ cos(θ−ω)e−iα(θ−ω)fˆ(λ, ω)λ dλ dω
=
∫ ∞
0
∫ 2pi
0
e−irλ cos(θ−ω)e−iα(θ−ω)
∫ ∞
0
∫ 2pi
0
eirρ cos(φ−ω)eiα(φ−ω)f(ρ, φ)ρ dρ dφ λ dλ dω
=
∫ ∞
0
∫ 2pi
0
e−iα(θ−φ)f(ρ, φ)
∫ ∞
0
∫ 2pi
0
e−irλ cos(θ−ω)eirρ cos(φ−ω)λ dλ dω ρ dρ dφ
=
∫ ∞
0
∫ 2pi
0
e−iα(θ−φ)f(ρ, φ)
∫
R2
e−i(x−y)·ξdξ ρ dρ dφ
= f(x).
The Plancherel identity follows the same argument.

By using the distorted Fourier transform, we have an explicit formula for the func-
tional calculus
Lemma 2.2. Let F be the Borel measure function, and x = r(cos θ, sin θ) and y =
ρ(cosφ, sin φ). Then, the kernels of the operator F (
√LA) satisfy
F (
√
LA)(x, y) =
∫ ∞
0
∫ 2pi
0
e−irλ cos(θ−ω)eirρ cos(φ−ω)e−iα(θ−φ)F (λ)λdλ dω (2.9)
=e−iα(θ−φ)
∫ ∞
0
∫ 2pi
0
e−irλ cos(θ−ω)eirρ cos(φ−ω)F (λ)λdλ dω
=e−iα(θ−φ)
∫
R2
e−i(x−y)·ξF (|ξ|)dξ
=e−iα(θ−φ)F (
√
−∆)(x, y) (2.10)
where
F (
√
−∆)(x, y) =
∫
R2
e−i(x−y)·ξF (|ξ|)dξ. (2.11)
Remark 2.2. The result implies that the difference between the two kinds of kernel is
slight. The difference is harmless to obtain the estimates (e.g. dispersive estimates)
which is not sensitive to the angular variables.
Let ϕ ∈ C∞c (R \ {0}) take values in [0, 1] and be compactly supported in [12 , 2] such
that ∑
j∈Z
ϕ(2−jλ) = 1. (2.12)
By following (2.10), we define the Littlewood-Paley operator associated with LA
ϕj(
√
LA)f(x) =
∫
R2
e−iα(θ−φ)
∫
R2
e−i(x−y)·ξϕ(2−j |ξ|) dξ f(y) dy, (2.13)
where x = r(cos θ, sin θ) and y = ρ(cosφ, sin φ).
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Definition 2.2 (Besov and Sobolev spaces associated with LA). For s ∈ R and 1 ≤
p, r ≤ ∞, the norm of ‖ · ‖B˙sp,r(R2) is given by
‖f‖B˙sp,r(R2) =
(∑
j∈Z
2jsr‖ϕj(
√
LA)f‖rLp(R2)
)1/r
. (2.14)
In particular, for p = r = 2, the Besov norm is the same to the Sobolev norm defined
by
‖f‖H˙s(R2) =
∥∥∥(∑
j∈Z
22js|ϕj(
√
LA)f |2
)1/2∥∥∥
L2(R2)
= ‖f‖B˙s
2,2(R
2). (2.15)
Remark 2.3. The definition is an analogue of the Besov space B˙sp,r and Sobolev space
H˙s defined by the classical Fourier transform. By Lemma 2.2, we have the following
equivalence
‖f(r, θ)‖B˙sp,r(R2) ∼ ‖e
iαθf(r, θ)‖B˙sp,r(R2). (2.16)
Remark 2.4. It would be interesting to study the relationship between the spaces defined
here and the classical ones. The problem is out of the scope of this paper, however we
point out a fact: for α 6∈ Z, one has
‖f‖H˙1(R2) ≤ C‖f‖H˙1(R2). (2.17)
Recall that
LA = −∆+ 2iA(x) · ∇+ |A(x)|2 = (i∇ +A(x))2.
Indeed, by using directly computation and the Plancherel identity, we have
‖f‖2H˙1(R2) = 〈|ξ|fˆ , |ξ|fˆ〉 = 〈LAf, f〉 = 〈(i∇ +A(x)f, (i∇ +A(x))f〉 (2.18)
which gives
‖f‖H˙1(R2) =
(∫
R2
|(i∇ +A(x))f(x)|2 dx
)1/2
. (2.19)
Therefore we have
‖f‖H˙1(R2) = ‖∇f‖L2 ≤ ‖(i∇ +A(x))f‖L2x + ‖A(x)f‖L2x ≤ C‖f‖H˙1(R2).
where we have used the Hardy inequality for Aharonov-Bohm magnetic Dirichlet forms
[24, Lemma 4.3](
min
k∈Z
|k − α|2) ∫
R2
|f(x)|2
|x|2 dx ≤
∫
R2
∣∣(i∇+A(x))f(x)∣∣2 dx. (2.20)
Now we prove the dispersive estimates in Theorem 1.1.
The proof of (1.17). Using Lemma 2.2, we see the kernel of Schro¨dinger propagator
satisfies
eitLA(x, y) =e−iα(θ−φ)e−it∆(x, y) = Ce−iα(θ−φ)|t|−1ei |x−y|
2
t .
Hence we obtain (1.17). 
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The proof of (1.18). As above, we write the kernel of half wave propagator
eit
√LA(x, y) = e−iα(θ−φ)eit
√−∆(x, y). (2.21)
Therefore we show
‖eit
√LAf‖L∞ = sup
x∈R2
∣∣∣∣∫
R2
e−iα(θ−φ)eit
√−∆(x, y)f(y)dy
∣∣∣∣
= sup
x∈R2
∣∣∣∣∫
R2
eit
√−∆(x, y)(eiαφf(y))dy
∣∣∣∣
≤ C|t|− 12‖eiαφf(y))‖
B˙
3
2
1,1(R
2)
≤ C‖f‖
B˙
3
2
1,1(R
2)
,
(2.22)
where we use the dispersive estimates for the half wave eit
√−∆ in the first inequality.
In the following, we provide another detail and direct method based on stationary
phase argument. To this end, we first prove the lemma which will also be used to prove
the Strichartz estimates.
Lemma 2.3. Let ϕ ∈ C∞c (R \ {0}) take values in [0, 1] and be compactly supported in
[1/2, 2] as in (2.12). Then for all j ∈ Z, there exists a constant C independent of x, y
and t such that ∣∣∣ ∫
R2
e−i(x−y)·ξeit|ξ|ϕ(2−j |ξ|)dξ
∣∣∣ ≤ C2 3j2 (2−j + |t|)−1/2. (2.23)
Proof. We prove (2.23) by the stationary phase argument. We write∫
R2
e−i(x−y)·ξeit|ξ|ϕ(2−j |ξ|)dξ =
∫ ∞
0
eitλϕ(2−jλ)
∫ 2pi
0
e−i|x−y|λ cosωdωλdλ. (2.24)
From [28, Theorem 1.2.1], we can write∫ 2pi
0
e−i|x−y|λ cos ωdω =
∑
±
e±iλ|x−y|a±(λ|x− y|),
where a± satisfies that
|∂Nλ a±(λ)| ≤ CNλ−N (1 + λ)−
1
2 , ∀N ≥ 0. (2.25)
Therefore we obtain∫
R2
e−i(x−y)·ξeit|ξ|ϕ(2−j |ξ|)dξ =
∑
±
∫ ∞
0
eiλ(t±|x−y|)ϕ(2−jλ)λa±(λ|x− y|)dλ,
where ∣∣∂Nλ (a±(λ|x− y|))∣∣ ≤ CNλ−N (1 + λ|x− y|)− 12 , ∀N ≥ 0. (2.26)
To prove (2.23), it suffices to show∣∣∣ ∫ ∞
0
eiλ(t±|x−y|)ϕ(2−jλ)λa±(λ|x− y|)dλ
∣∣∣ ≤ C2 3j2 (2−j + |t|)−1/2. (2.27)
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Indeed, for any N ≥ 0, we have∣∣∣ ∫ ∞
0
eiλ(t±|x−y|)ϕ(2−jλ)λa±(λ|x− y|)dλ
∣∣∣
≤C
∣∣|t| − |x− y|∣∣−N ∣∣∣ ∫ ∞
0
eiλ(t±|x−y|)
( ∂
∂λ
)N(
ϕ(2−jλ)λa±(λ|x− y|)
)
dλ
∣∣∣
≤C∣∣|t| − |x− y|∣∣−N ∫ 2j+1
2j
λ1−N (1 + λ|x− y|)− 12 dλ
≤C22j∣∣|t| − |x− y|∣∣−N (1 + 2j |x− y|)− 12 .
(2.28)
Due to the arbitrary of N , therefore we obtain∣∣∣ ∫ ∞
0
eiλ(t±|x−y|)ϕ(2−jλ)λa±(λ|x− y|)dλ
∣∣∣
≤C22j(1 + 2j∣∣|t| − |x− y|∣∣)−N (1 + 2j |x− y|)− 12 . (2.29)
If |t| ∼ |x− y|, it is clear to see (2.23). Otherwise, we have ∣∣|t|− |x− y|∣∣ ≥ c|t| for some
small constant c, then we use (2.29) with N = 1 to prove (2.23). 
Choose ϕ˜ ∈ C∞c (R \ {0}) such that ϕϕ˜ = 1. Indeed, we choose ϕ˜ to take values in 1
on the support of ϕ and to be compactly supported in [14 , 4]. By using (2.23), we prove
‖eit
√LAf‖L∞ ≤
∑
j∈Z
‖eit
√LAϕj(
√
LA)ϕ˜j(
√
LA)f‖L∞
=
∑
j∈Z
∥∥∥∥∫
R2
∫
R2
e−i(x−y)·ξeit|ξ|ϕ(2−j |ξ|)dξ eiαφ(ϕ˜j(√LA)f(y))dy∥∥∥∥
L∞x
≤ C
∑
j∈Z
2
3j
2 (2−j + |t|)−1/2‖ϕ˜j(
√
LA)f‖L1(R2)
≤ C|t|− 12 ‖f‖
B˙
3
2
1,1(R
2)
. (2.30)
Hence we prove (1.18). 
The proof of (1.19). Now we prove the decay estimate for Dirac equation which is a
consequence of (1.18). Indeed, from (1.16), we have seen
eitDAf = cos(t
√
LA)f − isin(t
√LA)√LA
DAf . (2.31)
To show (1.19), by using (1.18), it suffices to prove that there exists a constant C such
that
‖DAL−1/2A ‖B˙ 32
1,1(R
2)→B˙
3
2
1,1(R
2)
≤ C. (2.32)
Recall the operator DA in (1.11)
DA =
(
0 (i∂1 +A1)− i(i∂2 +A2)
(i∂1 +A1) + i(i∂2 +A2) 0
)
,
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the operator DA acts on the eigenfunction in (2.3)
DA
(
eix·ξeiα(θ−ω)
)
=
(
0 −ξ1 + iξ2
−ξ1 − iξ2 0
)(
eix·ξeiα(θ−ω)
)
. (2.33)
Then the symbol of the operator DAL−1/2A under the distorted Fourier transform is
bounded, hence we show (2.32).

3. The proof of Strichartz estimates
ln this section, we prove the Strichartz estimates in Theorem 1.2.
The proof of (1.22). From the abstract method of Keel-Tao [23], the inequality (1.22)
is a direct consequence of (1.17) and
‖eitLA‖L2→L2 ≤ C. (3.1)
The L2-estimate is obvious by using the unitary property of the distorted Fourier
transform. 
The proof of (1.23). To this end, we first prove two propositions. The first one is
about the Strichartz estimates locialized in frequency and the other one is on the
Littlewood-Paley theory associated with the operator LA.
Proposition 3.1. Let U(t) = eit
√LA and f = ϕj(
√LA)f as in (2.13) for j ∈ Z, then
‖U(t)f‖LqtLrx(R×R2) . 2
js‖f‖L2(R2), (3.2)
where s ∈ R and (q, r) ∈ ΛWs defined in (1.21).
Proof. Let ϕ˜ ∈ C∞0 (R \ {0}) take values in [0, 1] such that ϕ˜ϕ = ϕ, hence we can write
U(t)f = U(t)ϕj(
√
LA)ϕ˜j(
√
LA)f
=
∫
R2
e−iα(θ−φ)
∫
R2
e−i(x−y)·ξeit|ξ|ϕ(2−j |ξ|)dξ (ϕ˜j(√LA)f(y))dy.
Define the operator Uj(t) : L
2 → L2 with the kernel
Uj(t) = e
−iα(θ−φ)
∫
R2
e−i(x−y)·ξeit|ξ|ϕ(2−j |ξ|)dξ, (3.3)
from (2.23) and unitary property of Uj, then there exists a constant C such that
‖Uj(t)‖L2→L2 ≤ C, t ∈ R,
‖Uj(t)Uj(s)∗‖L1→L∞ ≤ C2
3
2
j(2−j + |t− s|)− 12 . (3.4)
Now we prove (3.2). We first consider the estimates on the board line, that is,
(q, r) satisfies 2q +
1
r =
1
2 . This will be done by following the method of Keel-Tao [23].
Indeed, the Keel-Tao’s argument [23, Sections 3-7] shows (3.2) since we can replace
(|t− s|+ 2−j)−1/2 by |t− s|−1/2 to satisfy the condition [23, (2)] with σ = 1/2.
Next we only consider 2q +
1
r <
1
2 . By the TT
∗ argument, it suffices to show∣∣∣ ∫∫ 〈Uj(s)∗f(s), Uj(t)∗g(t)〉dsdt∣∣∣ . 22sj‖f‖Lq′t Lr′x ‖g‖Lq′t Lr′x .
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Using the bilinear interpolation of (3.4), we have
〈Uj(s)∗f(s), Uj(t)∗g(t)〉 ≤ C2
3
2
(1− 2
r
)j(2−j + |t− s|)− 12 (1− 2r )‖f‖Lr′‖g‖Lr′ .
Therefore, we see by Ho¨lder’s and Young’s inequalities for 2q +
1
r <
1
2∣∣∣ ∫∫ 〈Uj(s)∗f(s), Uj(t)∗g(t)〉dsdt∣∣∣
.2
3
2
(1− 2
r
)j
∫∫
(2−j + |t− s|)−( 12− 1r )‖f(s)‖Lr′‖g(t)‖Lr′dtds
.2
3
2
(1− 2
r
)j2
( 1
2
− 1
r
− 2
q
)j‖f‖
Lq
′
t L
r′‖g‖Lq′t Lr′ = 2
2j(2( 1
2
− 1
r
)− 1
q
)‖f‖
Lq
′
t L
r′‖g‖Lq′t Lr′ .
Note s = 2(12 − 1r )− 1q , this proves (3.2).

The next proposition is the following.
Proposition 3.2 (Littlewood-Paley square function inequality). Let LA be the Schro¨dinger
operator as in (1.6) and the Aharonov-Bohm potential A(x) be given by (1.4). Then
for 1 < p <∞, there exist constants cp and Cp depending on p such that
cp‖f‖Lp(R2) ≤
∥∥∥(∑
j∈Z
|ϕj(
√
LA)f |2
) 1
2
∥∥∥
Lp(R2)
≤ Cp‖f‖Lp(R2) (3.5)
where the Littlewood-Paley operator ϕj(
√LA) is defined in (2.13).
Proof. From (2.10), we see the relationship between the two kernels
ϕj(
√
LA)(x, y) = e−iα(θ−φ)ϕj(
√
−∆)(x, y), (3.6)
where x = (r cos θ, r sin θ), y = (r cosφ, r sinφ). Then we see
|ϕj(
√
LA)f | = |ϕj(
√−∆)g|, g(r, θ) = eiαθf(r, θ). (3.7)
By using the Littlewood-Paley square function estimates associated with −∆ and the
fact ‖g‖Lp = ‖f‖Lp , we obtain (3.5).

Now we prove the inequality (1.23). Note that q, r ≥ 2, by using (3.5) and Minkowski’s
inequality, we show that
‖eit
√LAf‖Lq(R;Lr(R2)) .
(∑
j∈Z
∥∥eit√LAϕj(√LA)f∥∥2Lq(R;Lr(R2))) 12 . (3.8)
By using (3.2) of Proposition 3.1, we further have
‖eit
√LAf‖Lq(R;Lr(R2)) .
(∑
j∈Z
22sj‖ϕj(
√
LA)f‖2L2(R2)
) 1
2
. (3.9)
By the definition of Sobolev space (2.15), we prove
‖eit
√LAf‖Lq(R;Lr(R2)) . ‖f‖H˙s(R2).

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The proof of (1.24). This is direct consequence of (1.23) and
‖DAL−1/2A ‖H˙s→H˙s ≤ C. (3.10)
The same argument of (2.32) shows (3.10).

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